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An electrically conducting Boussinesq fluid is confined between two rigid horizontal
planes. The fluid is permeated by a strong uniform horizontal magnetic field and the
entire system rotates rapidly about a vertical axis. By heating the fluid from below
and cooling it from above the system becomes unstable to small perturbations when
the adverse temperature gradient becomes sufficiently large. Attention is restricted to
small values of the Ekman number E and the ratio ¢ of the thermal and magnetic
diffusivities (see (1.2) and (1.3) below). In this parameter range marginal convection
is steady and its character depends on the relative sizes of the Coriolis and Lorentz
forces as measured by the parameter A (see (1.1) below). When A > 2/3% motion
consists of a single roll, whose axis is perpendicular to the applied magnetic field. On
the other hand, when A < 2/ 3t two distinct rolls are possible: the axis of each roll
lies oblique but with equal angle to the applied magnetic field. Only the latter case is
discussed here.

Once the Rayleigh number R exceeds its critical value R, only one of the two sets
of single rolls remains stable, while its squared amplitude increases linearly with
R —R,. For certain values of the parameters A and 7 (see (1.6) below) a second critical
value may be isolated at which the system becomes unstable to unidirectional geo-
strophic flow perturbations aligned with the applied magnetic field. The instability
sets in as either a steady or oscillatory shear flow dependent on the values taken by
A and 7. In both cases, after the secondary instability sets in, the roll amplitude
remains largely insensitive to further increase in the Rayleigh number with the
consequence that the geostrophic flow is stabilized. The amplitude of the shear, on
the other hand, increases with R, adjusting its magnitude to ensure stability of the
convection rolls.

-1. Introduction

Until a few years ago the generally accepted picture of the magnetic field inside the
Earth’s liquid core was one in which the azimuthal magnetic field is significantly
larger than any other component. Since the azimuthal field is not observed at the
Earth’s surface, there is no direct evidence for this belief. On the other hand, since the
Coriolis forces are large, it is conjectured that there are vigorous azimuthal motions
tending to align the magnetic field in the same direction. This picture forms the basis
of Braginsky’s (1964) kinematic model of the geodynamo. An alternative model of the
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geodynamo has been proposed by Busse (1975) in which there is no significant azi-
muthal flow and the magnetic field is maintained simply by small-scale convective
motions. Since all components of the magnetic field are of comparable size, the
magnetic field strength in the core is weak and its magnitude is comparable to the
surface value. The answer to the question, which of the two models most closely
resembles the geodynamo, is not known at the present time. Nevertheless recent
arguments in support of strong- and weak-field models are given by Roberts (1978)
and Busse (1978a, b) respectively.

In the present paper attention is focused upon aspects of a problem that arise in
the strong field case, namely what determines the magnitude of the large azimuthal
flow. One possible answer was provided by Taylor (1963). He suggested that, in the
case of a spherical container, the average of the azimuthal component of the Lorentz
force taken over a circular cylinder, whose axis is coincident with the rotation axis,
should vanish. The reason for the assumption is that, if the average is non-zero, and
viscosity is neglected, the geostrophic flow is accelerated rapidly. Taylor regarded
this behaviour as purely transient and proposed that the magnetic field would
adjust itself on a relatively short time scale in such a way that the so-called Taylor
condition is satisfied. Indeed in a steady state he was able to show that with the
correct choice of geostrophic flow, which is determined simply as a function of the
radial distance from the rotation axis, the ensuing solution of the magnetic-induction
equation can lead to a magnetic field satisfying his condition.

It is not always clear, however, that Taylor’s condition will be automatically
satisfied. One such counter-example is the torsional oscillations in a spherical container
discussed by Braginsky (1970), amongst others. Consider for simplicity a weak
axisymmetric meridional magnetic field permeating a stationary fluid. Superimposed
upon this basic state is the possibility of quasi-steady geostrophic flow varying on a
time scale which is long compared with the rotation period. The ensuing Lorentz force
fails to satisfy Taylor’s condition and so geostrophic cylinders are subject to a restoring
force. As a result an Alfvén wave, which is not directly affected by the Coriolis force,
ensues in the form of torsional oscillations. Furthermore, when dissipative processes
are taken into account the oscillation is damped and eventually decays. Of particular
interest here is the effect of Ekman layers (e.g. see Roberts & Soward 1972) as they
play a central role in the problems discussed in the following sections. There are,
however, cases in which perturbations from a state of motion satisfying Taylor’s
condition lead to systematic growth of the geostrophic flow (e.g. see Roberts &
Stewartson 1975, and §§ 4 to 6 below) and they contrast dramatically with the simple
Alfvén wave picture described above. It is exactly this instability which provides the
main theme of this paper.

Evidently steady fluid motions together with any related instabilities can be
sustained in the presence of dissipation only if there is an energy source. In the case
of the geodynamo this is generally supposed to be thermal. A simple model, which
isolates the dynamic influence of a strong azimuthal magnetic field on thermal con-
vection in a rotating system, is as follows. An electrically conducting Boussinesq fluid
of constant density p is confined between two horizontal slippery planes a distance d
apart. The fluid is permeated by a strong uniform horizontal magnetic field B, and
the entire system rotates about a vertical axis with angular velocity £2. The upper
"and lower planes are maintained at constant temperatures 7, — A7 and 7, respectively.
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Both boundaries are assumed to be perfect electrical conductors. The choice of all
boundary conditions is motivated by expediency but it is generally believed that more
realistic conditions do not significantly alter the conclusions obtained from the
model. By contrast, a more realistic geometry may alter the results considerably.
This has already been demonstrated by Roberts & Loper (1979), Soward (1979)
and Fearn (1979), who have investigated linear problems involving circular
magnetic-field lines and have found other magnetically driven instabilities in addition
to those of thermal origin.

The thermal instability of rotating magnetic systems has been discussed by a
number of authors including Chandrasekhar (1961). A detailed analysis of several
different configurations, which include the above model, has been given more recently
by Eltayeb (1972). The principal conclusion arrived at by these authors is that
whether the onset of instability is dominated by rotational or magnetic effects depends
upon the size of

A =2pQ/oB2, (1.1)

where o is the electrical conductivity. Roberts & Stewartson (1974) have discussed
the particular problem outlined above in the case for which A is of order unity (see
(2.2¢) below) and the Ekman number

E =v/Qd?, (1.2)

where v is the viscosity, is small (see (2.2a) below). In this parameter range marginal
convection is steady or oscillatory depending on the values of A and ¢, where

qg=x/y (1.3)

is the ratio of the thermal and magnetic diffusivities « and 7 respectively. Roberts &
Stewartson (1974) indicate clearly in their paper (subsequently referred to as RST) the
regions in the g, A plane where steady convection can occur. For small values of ¢
(see (2.2b) below), of particular interest to the geodynamo, marginal convection is
always steady.

When the uniform magnetic field in our plane-layer model is not horizontal but
vertical (say), then it is well known that the modified Rayleigh number

R = gaATd/2n%Q, (1.4)

where g is the acceleration due to gravity and « is the coefficient of expansion, is
minimized by order one values of A. On the other hand, for the special case of a uniform
horizontal magnetic field the situation is a little different. Thus, when the magnetic
field is weak, A > 2/3%, instability is characterized by convection rolls whose axes
lie perpendicular to the magnetic field. In this regime the magnetic field is said to
relax the rotational constraint and so the critical Rayleigh number R, decreases with
A. For larger fields, A < 2/3% (see also (3.1) below), two sets of convection rolls are
possible whose axes make angles of +v and — respectively with the magnetic field.
The angle v selected ensures that an optimal balance is struck between the relative
sizes of the Coriolis and Lorentz forces. Hence as A decreases from 2/3% to 0, y decreases
from 3} to 0, while R, remains constant.

The finite amplitude dynamics of single-roll convection was discussed in RST.
Roberts & Stewartson (1975) also analysed the stability of oblique rolls, which occur
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when A < 2/3%, to perturbations of the second roll system. This paper will be referred
to as RSII. Whereas Taylor’s condition is met by a single-roll system, this is not the
case for the two-roll system and so a key ingredient in the evolution of the convection
rolls is their coupling through the induced geostrophic flow. All values of g were
investigated in RSII but of particular interest here are the results for small q. They
are that one set of rolls is always unstable while the other set is only unstable in the
limited parameter range given approximately by

1-0794 < A < 2/3% (1.5)

(see also (4.14) and the remarks following it).

Within the range (1.5) neither roll system is stable and the subsequent evolution
of the system once instability sets in is clearly of interest. The answer to this question
was not obtained in RSII where only speculations were made of the outcome of the
instability. In order to attempt an answer, the problem is reconsidered here with some
modifications. Firstly the slippery boundaries are replaced by rigid boundaries so that
the geostrophic flow is damped and in the absence of the Lorentz force decays on the
time scale

7(d?/km?) = E¥(d?/2v) (1.6)

(see also (2.5) below), where 7 is a new dimensionless parameter defined by (1.6).
Secondly attention is restricted to small values of ¢ and as a result of this approxi-
mation the mathematical analysis is greatly simplified.

The role of the Ekman boundary layer is central to our treatment of the problem.
As far as the motion in the rolls is concerned the Ekman layers only lead to small
perturbations which may be disregarded. On the other hand, since the evolution of
the geostrophic flow aligned with the applied magnetic field is not influenced either
by the Coriolis force or the Lorentz force (except through interactions brought about
by the convection rolls themselves) a more subtle force balance is achieved in which
Ekman suction plays a prominent part. Indeed it is only through the resulting damping
of the geostrophic flow that it is possible in the analysis below toisolate finite-amplitude
equilibria.

The outline of the paper is as follows. The mathematical problem is formulated
in § 2 and a weakly nonlinear theory of convection is developed for small values of the
excess Rayleigh number R — R, in §3. A set of equations (see (3.12) below) is derived
which relates the amplitudes of the two families of rolls together with the geostrophic
flow naturally forced by them. It is shown that for sufficiently small values of R — R,
one family of rolls is stable, while the other is unstable. In § 4 a restricted parameter
range (see (4.1) below) is considered. Here equations (3.12) continue to be valid up to
and beyond the value of R — R, at which the single-roll family becomes unstable.
After instability sets in a new oscillatory finite-amplitude state emerges whose
stability is investigated. In §5 a more comprehensive study is undertaken of the
stability of the single-roll solutions. In particular the region in the A, 7 plane where in-
stability is possible is elucidated (see figure 1). Other than the occurrence of oscillatory
geostrophic flow similar to that considered in §4, steady geostrophic flows can set
in when A < 3-%/2. The stability of the latter flow is investigated in § 6 and the paper
ends with a brief discussion of the results in § 7.



Finite amplitude thermal convection and geostrophic flow 453

2. The governing equations

In this section the mathematical statement of the problem outlined in the intro-
duction is given. Except for the inclusion of the no-slip condition at the boundaries
the problem is essentially the same as that considered by RS II. The notation of that
paper is followed whenever possible but there are some differences.t

Forall time £*, the system is referred to rectangular Cartesian co-ordinates Ox*y*z*,
where Oz* is vertical and Oy* is aligned with the applied magnetic field. The top and
bottom planes are located at z* = d and 0 respectively. Let the fluid velocity be u*,
the magnetic field be b* and the temperature be 7'. Then upon choosing d/7 and
d?/km? as units of length and time respectively the convection problem may be cast
into dimensionless form by the change of variables

x* = (d/mx, t*= (d*/«km?)f, (2.1a,b)
u* = (kn/d) (U§ +u), b* = By(§ +qb), (2.1¢,d)
T=T,+AT(—2+0)/n, (2.1€)

where £,9,2 are used to denote the unit vectorsin the Ox, Oy, Oz directions respectively.
In (2.1¢) U, which gives the magnitude of the mean flow in the y direction, is in-
dependent of ¥ and z but spatially periodic in z. On the other hand, u, b and 8 are
spatially periodic in both x and y (see (3.4) and (3.6) below).

In terms of the dimensionless variables, the governing equations are given by
RS II (equation (2.2)). Since the subsequent analysis is restricted to the parameter

range E<1, g<1, (2.2a,b)
A=0(1), R=0(1), (2.2¢,d)

a number of terms in these equations may be neglected and it is sufficient to consider
the simplified system Vu=0 V.b=0, (2.3a,b)
V20 +u.Z2 = 80/ot+u.Vo+ Udb/oy, (2.3¢)

Vb +ou/dy = 0, (2.3d)

ob/oy—AZxu+AROZ—Vp =0 : (2.3¢)

for the fluctuating quantities u, b, ¢ and total pressure p. The scaling adopted in
(2.1) and the approximations made in deriving (2.3), which are listed below, anticipate
the magnitude of the disturbances to be considered in the following sections. Firstly,
since ¢ is small, (2.3d, ¢) are linearized on the basis that the perturbation magnetic
field ¢b is small. Secondly, since there is considerable Ohmiec diffusion (again ¢ < 1),
the advection of magnetic field is neglected in the magnetic-induction equation (2.34d).
Thirdly, the inertia and viscous terms in the equation of motion (2.3e), which are
clearly negligible in comparison with the Coriolis force (¥ < 1), have also been dropped.
By contrast no approximations are made at this stage in the heat-conduction equation
(2.3¢). It is therefore significant that, except for terms describing convection of heat,
the system of equations (2.3) is linear.

The boundary conditions that must be satisfied by the solutions of (2.3) are as

follows, U.t=0=b.2=2x0b/dz=0 at z=0,m (2.4)

t One such example is the choice of direction of the z axis. In RS IT it is downward, whereas
here it is upward !
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Here the no-slip condition 2 xu = 0 at z = 0,7, which leads to the formation of
Ekman boundary layers, has been omitted. The reason for this is that we are not
concerned with the order E% error associated with the neglect of these layers. On the
other hand, as indicated in the introduction Ekman suction seriously influences the
mean shear, U. Hence when the y component of the equation of motion is averaged
and due account of the Ekman jump conditions is taken (e.g. see Moore 1978) the

equation €dU /ot +AU = A-10M [ox (2.5a)

is obtained, where M =% .(bb).§ (2.5b)

is a component of the Maxwell stress tensor averaged with respect to both y and z,
c—1A, A=Ei/g, (2.5¢)

and 7 was introduced earlier in (1.6). In (2.5a) the large Coriolis and Lorentz forces
present in (2.3¢) are absent and a more subtle balance between weaker forces is
achieved. In particular the flow is driven by the mean Lorentz force and damped by
Ekman suction. The only effects neglected in (2.5a) are the viscous and mean Reynolds
stresses in the mainstream flow.

For geophysically relevant values of the parameters, the numbers A, 7 and ¢ are
all likely to be small and ordered such that

1>A>7>¢ (2.6)

where, of course, only two out of the three are independent. This means that the
term AU in (2.5a), which was absent in RS II, is important here and plays a central
role in the finite-amplitude analysis. Nevertheless, so that comparisons can be made
with the earlier work corresponding to ¢ finite and A = 0, the subsequent analysis
does not stick rigidly to the ordering (2.6) (e.g. see (4.1) below). Finally it must be
emphasized that the present calculations also differ from RS II in as much as approxi-
mations have been made which depend on the small size of ¢g. The approximation
g < 1, which was not made in RS I1, leads to considerable mathematical simplification.

3. Weakly nonlinear convection
The theory of weakly nonlinear convection developed here closely parallels the
theory of RS I and RS II. Attention is restricted to the case
A < 2/8% (3.1)

for which Eltayeb (1972) and RS I have shown instability is characterized by two
families of rolls, each with axes oblique to the magnetic field. The two sets of marginal
rolls have planform

E, ,, =expi(lax+mpBy) (x>0, f>0), (3.2a)
wherel = +1,m = +1and
a?=2-p42 pr=3A (3.2b,c)
The corresponding value of the critical Rayleigh number is
R, =3k (3.3)

We assume that Ris close to B, and so the ensuing finite-amplitude motion is dominated
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by the roll solutions (3.2), for which a more complete description is given by (3.9)
below. Through nonlinear interactions higher harmonics are generated. Analysis of
the coupling of the rolls with these harmonics leads to a set of nonlinear equations
((3.12) below), which govern the slow evolution of the amplitude of each roll.

The solution of (2.3) is determined succinctly when u and b are expressed in terms
of their toroidal and poloidal parts

U=VxyZ2+Vx(Vx¢Z), b=Vxf2+Vx(Vxg2) (3.4a,b)

For then (2.3a, b) are automatically satisfied and (2.3¢, d, e) reduce after integration to
V20 —Vid =a0/ot+ N, (3.5a)

oy/oy+ V¥ =0, o¢/oy+Vig =0, (3.55,¢)

of Joy+ A0 /o2 = 0, —8(Vig)/dy+Ady/oz+ARO—8) =0,  (3.5d,e)

where V2 =V}+02/022, N =Udf/oy+u.Ve. (8.51,9)

The horizontal averages of , ¢, f and g vanish but the horizontal average of 6, namely
6(z,¢), is non-zero for finite amplitude convection. The character of the boundary
conditions (2.4) permit solutions of (3.5) and (2.5), which take the form

['ﬁ,f] = . E [w,f]l,m,nEl,mcos nz, (36(1)"'
[¢’g: 0’ N] = IE [¢’g’ G,N]l,m,nEl,mSinnZ! (3'6b)
[U,M] = Zl][U,M],E,,o, (3.6¢)

where n > 0, the range of summation runs over integral} values of /, m, » and all
complex quantities have the property

64,—47:,” = elfm,m (3.6d)
the star denoting complex conjugate. Thus the governing equations (3.5) reduce to
the ordinary differential equation

Dl,m,n(O) [¢1 '/f, e]l:{‘m, n = [A/\R(z)ﬁ, 0, — 0 - N]IT,‘m,n’ (37(1)

where the superscript 7' denotes transpose, the dot denotes differentiation with
respect to t (¢ = d9/dt) and

imp [ m232 nA ~ARO®
IR Bl
Lm,n ré+n Lm,n -2 0 p+(r2+n2)
(3.7b,¢)
r? = [2a?+ m2?f?, R = RO+ AR®, (3.7d,¢)
provided ! and m are not both zero. In addition (2.5) becomes
0 = —eU— AU +il(a/A) M, (3.71)

while all the coefficients ) ,, ,, and M, are given by (A 1) and (A 2) in appendix A.

t+ The notation used is that every quantity inside the square brackets is understood to have
the subscripts listed following the brackets.

t There is an exception. Non-integral values of ! in the summation (3.6) are considered in
§§ 5 and 6 below.
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The solution of
det{D,., ,(p)} = 0 (3.8)

has special significance, since it determines the growth rate p of the free mode (3.2a)
according to linear theory. Indeed, when A < 2/3%, the smallest value of R® and the
corresponding values of a and g, for which p is zero, are given by (3.3) and (3.2b,¢)
respectively. In this case the most general solution is

0=A 3 6%,F, ,sinz (RO =R) (3.9a)
1=+1
m=x1

with similar expressions for the other variables, where

¢(l) 1 )
Y = (3t |ay, [ga)] =+3f [1/3{, @iy. (3.95,¢)
601 4, L2/3 A PO 1/3

It represents two distinct rolls whose amplitudes and phases are determined completely
by the complex constants a4,.

In the case of finite-amplitude convection, A is adopted as the expansion parameter.
It is supposed that 6, i, ¢, f and g are all of order At and have power-series expansions

of the form
0 = A0V L AG@® 4 .., (3.10a)

where the first-order terms are given by (3.9). Since the Maxwell stress component
M is proportional to the square of the magnetic-field strength, it is of order A and has

an expansion M= AM® 4+ ARMO 4 (3.100)

where M@ isgiven by (A 4). Now it transpires that, in the parameter ranges of interest,
this stress drives a mean shear U, which is of order At and can be written

U=AUOLAUD 4 ... (3.10¢)

At lowest order the direct coupling of the positive (2,) and negative (a_) rolls leads
to the shear flow U® = UP B, g+c.c. (UL =iv/h), (3.11)

where c.c. denotes the complex conjugate of the expression preceding it. As a result of
the assumptions (3.104, ¢), the heat convection term (3.5g) is of order A and possesses
an expansion similar to (3.10b). The first non-zero coefficient N® is given by (A 3).

If in addition to the assumptions (3.10), 8 and U evolve on a time scale that is long
compared with unity, the terms on the right-hand side of (3.7) only lead to small
perturbations of the first-order solution (3.9) and so allow (3.7) to be solved iteratively.
At second order the evaluation of M® and N® described in the previous paragraph
and outlined in appendix A leads to the conservative system of equations (A 9) which
couple the roll amplitudes a 4, with the scaled shear flow ». Upon proceeding to third
order the analysis of appendix A yields

diy = + Abvak, + AD a0y, (3.12a,b)

€d = Adua,a_; + AOv, (3.12¢)
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where O, =d-8V—-24,,-(2+Cs+C ) A4, (3.13a,b)
O=—14k A,k _A4_,, (3.13¢)

Ai =lay|’, V=|v] (3.13d,€)

d=R®/3}, §=(3+4a%)/3204, p=4ap/3, (3.13f,9,%)

ks = (B/8a%) [(1 — 2a2) (3 + 40?) T 2 34 B(1 + 40%)]/(3+ 8a?) (3.134)
and the coefficients Cg and C, are defined by (A 14a, b). In order to illustrate a few
of the key properties of (3.12), which will be analysed in more detail in the following
sections, the limit d | 0 is now considered briefly.

The limit d {0

The derivation of (3.12) was based on the use of A as an expansion parameter. There
are, however, two other parameters, namely d and 7, which are independent of the
magnetic-field strength, that could have been utilized. In fact 4 is the natural choice
and is the one generally adopted in small-amplitude expansions. It has the advantage
of isolating the behaviour of the solutions of the governing equations immediately
following the bifurcation (d > 0) which occurs when R = R,. For our problem it is
also the simplest case because the equations may be approximated without appeal to
the size of A and 7. Instead it is supposed that 4 ,, and v are all of order d. The analysis
recovers (3.12), in which correct to order d (3.13a, b, ¢) are approximated by

Oy =d—24,,—(2+Cs+C) A+, (d>0), (3.14a, b)

Q=—1. (3.14¢)

If the free-decay mode a4, = 0, v cc e~t7, which corresponds to the simple damping
of the shear flow by Ekman suction on the time scale 7, is ignored, attention may be

restricted to events which occur on the long time scale d—!. Accordingly €% may be
neglected in (3.12¢) to yield

v=Aduaa_,. (3.15a)

Substitution of (3.15a) into (3.12) gives
iy = (tpde+ADL)ay,. (3.15b,¢)
There are three possible steady-state equilibria. The first two are the single-roll
solutions AP =3d, A =V =0, (3.16a)
A9 =3d, A, =V =0. (3.16b)

In addition there is a third double-roll solution, for which 4 ., and V are all non-zero,

but this only exists when
Cs > |C—p/Al. (3.17)
Since our subsequent analysis is restricted to the case of small A, for which the in-
equality (3.17) fails, this case will be considered no further.
To test the stability of the single-roll solutions (3.16) small perturbations to the
basic state are considered and so

ay, =a®+8y;, and ag, =84 (3.18)

are substituted into (3.155). Linearization yields
; Biy = —20(AD) 8, +aPaY)), (3.19a)
8z, = —1Ad{Cs F (C —p/D)} 85, (3.19b)
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From (3.19a) it follows that perturbations of the primary roll always decay. On the
other hand, for all sufficiently small A, it is clear from (3.19b) that the positive-roll
solution (3.16a) is stable to small perturbations of the secondary negative roll. By
contrast, the negative-roll solution (3.16b) is unstable to small perturbations of the
secondary positive roll. This result is in partial agreement with the findings of RS II.
They found that the negative roll is unstable but they also found that the positive roll
is unstable in certain parameter ranges. The discrepancy results from the severe
truncation of (3.12), which is applicable in the limit d | 0, keeping A and 7 finite, and
will be resolved in the more detailed analysis of the following sections.

4. Oscillatory shear flow

In view of the results of the preliminary investigation of the limit | 0 at the end of
§ 3, attention is focused here and in § 5, below, upon the stability of the positive roll
(3.16a) when d is of order unity. In § 5 a general linear-stability calculation is under-
taken to clarify the parameter ranges, in which the positive roll is unstable. It indicates
that, when 7 is large and A lies in the interval (1.5), the most readily excited overstable
modes are correctly described by (3.12). Since the applicability of (3.12)is not restricted
to the linear regime, they are utilized in this section to investigate the finite-amplitude
oscillatory shear flow, which is set up at the post-bifurcation stage. In order to obtain
simple solutions of (3.12) it is expedient to make the additional assumption that ¢ is
small. Consequently throughout this section it is supposed that

d=0(1), 1>e>A. (4.1a,b)

Since € equals 7A, the final inequality is simply a statement that 7 is large.

In the parameter range (4.1), a1, and v satisfy the simplified system (A 9) at lowest
order. A number of integrations can be made which yield three constants of the
motion. They are

Sy, =pdy, TV, (4.2a)
h = —Jird(v*o — vi*). (4.2b)
Elimination of a, from (A 9) then yields the single second-order equation
i+ (S+2eV)v = 0, (4.3a)
where §=8,-8_. (4.3b)
Integration of (4.3a) leads to
}1V2 = —R24+ 2BV —SV2—¢V3, (4.3¢)

where (A 9) may be used to show that the constant of integration F is given by
eE = 38,8, (4.34)

According to (4.3a) v can execute nonlinear finite-amplitude oscillations, which define
orbits in the complex v-plane. In addition to 8, (4.3¢) indicates that the principal
characteristics of the orbits are defined by the constants » and E which are analogous
to angular momentum and energy in classical orbit theory.

Exact solutions of (4.3¢) exist in terms of elliptic functions. Nevertheless, when §
is positive and provided eV /S remains small, the solution of (4.3a) only deviates
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slightly from simple harmonic motion with frequency (S/7)}. In this case it is more
convenient to represent the solution by the rapidly convergent Fourier series

V =V, + {V, e%et + eV, edivt 4 c.c.} + O(e?), (4.4)

where 27 /w is the period of oscillation of the complex velocity v. Substitution of (4.4)
into (4.3¢) and equating coefficients yield

Tw? = 8+ 3eE /8 + O(e?), (4.5a)
Vo= E/8—(3¢/48%) (3E%— h28) + O(e?), (4.5b)
V]2 = (B?—h2S) /482 — (¢E /45%) (4B — 3h2S) + O(e?), (4.5¢)
V, = V3/28 + O(e). (4.5d)

It is perhaps worth noting at this point that, when £ = v = 0, the cases § > 0 and
8 < 0 correspond to the positive- and negative-roll solutions (3.16a, b) respectively.
According to (4.3a) the positive roll is neutrally stable, while the negative roll is
unstable. Nevertheless, even when 8 < 0, v does not grow indefinitely because of the
term 2¢V in (4.3a). Instead after a finite perturbation of 4, E and v it executes large-
amplitude oscillations, which cannot be adequately described by (4.4) and (4.5).

When the terms of order A in (3.12) are taken into account (4.3a, ¢) must be modified
and the term V2 in (4.3¢) is replaced by (V —27-1@V)2. In addition S, and h are no
longer constant but satisfy

Si; = 2A{® 1 84, + (eD1—0) V)], (4.6a,b)
h=A{®, +®_+e10}A, (4.6¢c)

where, from (3.13) and (4.2a),
Op=d—p Y284, +2+C32C )8+ }—{6F (e/u) (CsxC )}V, (4.7a,b)
=—14+p Yk S —k_S_}+(e/u)(kp+k_)V. (4.7¢)

Since V fluctuates rapidly, 8., and % do also. Their fluctuating parts, however, are
small and are dominated by their mean parts which evolve slowly. For this reason
(4.6) is averaged over the period of oscillation 277 /w and the approximation is made
that S =8uy, E=h (4.8)
where the average is denoted by the bar. As a result, the only fluctuating quantities
in (4.6), which must be averaged, are V and V2. Their values are

V="V, V2=Vi+2|V|2+0(e), (4.9a,b)

where ¥, and |V;|? are defined by (4.5).
The secular behaviour of small-amplitude oscillations in the neighbourhood of the
positive-roll solution may be investigated by supposing that

S, = 80 +eSP +0(e?), 8_; = eSN)+€25%) +0(ed). (4.10)

The corresponding values of E and S are determined by (4.3b, d) and so (4.5) and (4.9)
yield 7 = 389 +0(e), (4.11a)
72 = (38 SW2 — 442) /88 + Ofe). (4.11D)
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To leading order in powers of ¢ the average of (4.6) simplifies considerably and reduces
to

80 = A {(201 LU as(}{) 50+ (1 - £+-S&‘”) S‘_”l}, (4.12a)
# #
SW = —(A/e) (1 _k—’fS{")) NOH (4.12b)
3
; ks o
h=—(Afe) 1—789 h. (4.12¢)
The positive-roll solution (3.16a) corresponds to the stationary solution
SO = 1ud, S =h=0. (4.13)
According to (4.12) it is unstable when
0<2/k, <d (4.14)

and stable otherwise. Evidently instability is only possible for some value of d( > 0),
when k, > 0. This condition on %, is exactly the same as the inequality (4.23) of
RS II, which holds whenever A lies in the interval (1.5).

When the inequality (4.14) is satisfied a new finite-amplitude equilibrium is possible

with 8O =pu/k,, SY =(2/8)(d—2/k,), h = constant. (4.15)

It is composed of a primary and secondary flow. The former consists of the single
positive roll, whose amplitude is fixed independent of the Rayleigh number such that
A, = 1/k,. The latter consists of the shear flow, which is comparable in magnitude
to the primary roll, together with additional order ¢ contributions of both positive
and negative rolls. According to (4.5a) and (4.15), this secondary flow oscillates with

frequency w = (u/k, T)t+ O(er1). (4.16)
When small perturbations are superimposed on this basic state so that
SO = pfk, +e¥sy, SY = (2/8)(d—2/k,)+5,, (4.17)
linearization of (4.12a,b) yields
rh, = — AM(ud/k,) s, + 262 /k, + (k, /ud) (@—2/k )]s}, (4.180)
T¥_) = 20k, /ud) (d—2/k.)s,. (4.18b)
At lowest order the solutions describe oscillations with frequency
A¥(2d—4/k,)/TH. (4.18¢)

When the et term in (4.18a) is not neglected, however, it becomes apparent that these
oscillations are lightly damped and decay on the longer time scale A~

The above calculations establish the stability of the new equilibrium (4.15) but
give no indication of the value taken by &, because the coefficient of 4 in (4.12¢) is
zero. A higher-order theory is therefore required which considers the equations for
S and S} in the expansions (4.10), where the first-order terms S{®’ and S‘!} are given
by (4.15). Since h and consequently S{ and 83 evolve on the long time scale A-1,
the term 8®) in (4.6b) is negligible and so the average of that equation yields

e1D_S_,—D_V+e 0V = Oe). (4.19)
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The basis for this approximation is suggested by the comparison of the right-hand
sides of (4.12a, b), where the latter is larger by a factor ¢~!. Formally at any rate (4.19)
determines S{1’ in terms of 4, while (4.6a) determines 8®) in terms of S{, S{ and 4.
With the aid of (4.19) the analysis of appendix B shows that (4.6¢) reduces to

. 2__ 12
h=—3AK (%) h, (4.200)

where to the order of accuracy considered £ and S are constants and

2 . 2
K=6+k++k‘=(3+4a)(9 4a?) (4.200)
/!

3204(3 + 8a%)

is positive for all &% in the interval 0 < a? < 2 of interest.
According to (4.20a) there are two stationary equilibria. One is characterized by

h? = E%/8 (4.21a)
for which Vhw=E/S, V=0 (4.21b,¢)
The corresponding complex velocity is

BUD = iy = Vhexiot (4.22a)
and so the resulting shear flow velocity (3.11) describes one of the two travelling waves
U = (2/8) Vi cos (2ax + wt). (4.22b)

The other equilibrium is characterized by

k=0, (4.23a)

for which 2|V, =V, = E/8. (4.23b)
The corresponding complex velocity is

BU@ = v = 2V,  cos wt (4.24a)

and so in this case the shear flow velocity (3.11) is described by the standing wave
U = (2/8) (2V,)} cos wt cos 2oz (4.24b)

Since K is positive, (4.20a) indicates that the travelling-wave solution (4.22) is
unstable, while the standing-wave solution (4.24) is stable.

In view of the result (4.14) it is apparent that the analysis of this section relates
closely to the problem considered in RS II. There Ekman suction was ignored and this
corresponds to the omission of the term — 1 in the expression (3.13¢) for ©. Inspection
of the governing equations (3.7) indicates that, when Ekman suction is included, this
term is only negligible in the limit A — 0 with ¢ and Ad kept finite. Since all the equi-
libria isolated in this section rely on this damping of the geostrophic shear for either
their existence or stability, it is clear that the case d = O(A-1) lies outside the scope
of the present calculations. Despite the fact that our analysis can say nothing about
this inviscid limit, it does isolate some of the key physical processes which are of
fundamental importance to the problem.
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To summarize, the positive-roll solution (3.16a) is stable when k&, < 0 for all order
one values of d but when k, > 0 it is stable only when d < 2/k,. In these parameter
ranges all shear flow perturbations are damped and the squared amplitude 4, of
the positive roll is simply proportional to the excess Rayleigh number. Once d exceeds
- the value 2/k, (> 0) this solution is unstable because the corresponding value of © is
negative. This means that the term A®v in (3.12¢) rather than damping shear flow
perturbations causes them to grow. To achieve a new stable equilibrium the amplitude
of the positive roll remains roughly constant in such a way that its tendency to
accelerate the shear flow exactly balances damping by Ekman suction (see (3.12c¢)
and (3.13c): 4, = 1/k,). On the other hand, as the Rayleigh number is increased
the amplitude of the positive roll can only remain fixed if @ is kept small (see (3.12a)
and (3.13a): V = (d—2/k,)/8). The oscillatory character of the secondary flow,
which occurs after the bifurcation at d = 2/k,, is imposed by the relatively large
terms of order A? in (3.12) which provide a most effective coupling between the shear
flow and the two rolls. Even for order one values of d the oscillatory shear flow is
comparable in magnitude to the primary convection roll. Consequently when d is
large the shear flow must predominate and the positive roll is then relatively in-
significant. Of course, the analysis is not valid when d is of order A~ but we may
speculate that long before this value is achieved the basic flow proposed in this
section will be subject to yet further secondary instabilities.

5. The stability of the finite-amplitude roll

The stability analysis of the positive roll in § 4 is not generally valid for two reasons.
Firstly, in addition to the assumption A < 1, which will also be made here, the analysis
required that 7 > 1. Secondly, only a special class of disturbances to the positive roll
was investigated and no attempt was made to investigate stability with respect to
arbitrary perturbations. To rectify these deficiencies the analysis of this section is
focused on the parameter range

A<t, 7=0(1). (5.1)

Here, guided by the results of § 4, it is reasonable to anticipate that the most unstable
disturbances are not of thc convective type but rather take the form of geostrophic
flow perturbations. One further point which emerges from the analysis is that the
mechanism for the instability is associated with the term Ak, 4, in (3.12¢), which
does not depend in any direct way on the interaction of the shear with the negative
roll. There is therefore no reason why attention should be focused upon the shear
(8.11), whose choice was motivated by the fact that it provided the natural coupling
between the positive and negative rolls. Instead throughout this section the stability
of the positive roll is investigated with respect to the arbitrary shear flow perturbation

U® = UR By g+cc. (U =iv/p), (5.2)

where L is some positive number not necessarily equal to unity.
The interaction of the mean shear flow (5.2) with the positive roll leads to con-
vection of heat, which may be quantified with (A 1c¢)and (3.9) to give

N® = —3(va, Eyp 11— v*a B g7, ,)sIn2+c.c. (5.3)
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As a result the forced mode, which is of order A, can be expressed in the form
0® = §(3, Byp 11+ E_s7,11)sinz+c.c. (5.4)

It interacts with the original positive roll to produce a mean Maxwell stress
M® = M B,y o+ec.c. (5.5)

and the associated force drives the original shear flow perturbation (5.2). As a result
of the various interactions the equations governing the perturbations 9. and v are

3++/L+19+ = va, + O(A), (5.6a)
S_+p_9_ = —v*a, +0(A), (5.6b)
040 = (A, P, af +A_9¥a)) +0(A), (5.6¢)
e _ oo 8LA14L)%at
As=tA(£ L),
- — 2 2) _ 9% 2
X(L) = 3L(l (1+LYa?)(3+2L(1+Lya?)—3taf(i+L)(1+2L(1+ L) ).

(3+4L(1+L)a?) (3+2L(1+ L)a?)

(5.7b)
The details of the calculations leading to (5.6) are outlined in appendix C. In the
stability calculations which follow, it is assumed that the amplitude a, of the positive-
roll is constant. Nevertheless the finite amplitude interaction of the shear flow v with
the temperature perturbations 9. may cause 4, to evolve over a long time scale and
not to stay close to its equilibrium values }d. In appendix C the equation

d, = A{(v9_—v*3, )+ (d—24,) a;} + O(A?) (5.8)
governing a, is derived and it is used in § 6 below in conjunction with (5.6) to investigate
a steady finite-amplitude state that may ensue once the positive roll is no longer stable.

When L = 1, it is possible to make a comparison of equations (5.6) and (5.8) with
(3.12). In this case the coefficients g4 and A4 are

p_=0, p,=1/4, (5.9a,b)
A =1, A, =k, /ud (5.9¢,d)
and A¥)_ = a*,. (5.9¢)

The only term remaining in (5.6) and (5.8), which does not appear in (3.12), is 9 4 in
(5.6 a). It was neglected in § 3 on the basis that the time scale is long. With this term
ignored (3.12) reduces to (5.6) and (5.8) if

D, =d—8V-24,, O_=0, O=—1+k, 4, (5.10)

The other terms appearing in (3.13 a—c) are not important in this section because the
amplitude of the secondary convection is so small. They are only important in a
higher-order theory.

Upon linearization equations (5.6) and (5.8) decouple. Hence (5.8) becomes in-
dependent of & and v and the simplified equation clearly demonstrates the stability
of the equilibrium 4, = }d. With a, constant the linear equations (5.6) have solutions
proportional to e?!, where p is a root of the cubic

A
Tp+1=A1/L(p+;+—Z)—_/+\.;-L—). (5.11)
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Evidently when the amplitude a, of the convection roll is small the mean Lorentz force
is insignificant and (5.11) indicates the perturbation decays at the rate 1/7. As the
Rayleigh number and amplitude a, increase, the shear flow may become unstable
in one of two ways. The simplest case is steady flow, p = 0, and then the amplitude of
the roll together with the other coefficients appearing in (5.11) must be such that

1 A, ,\_)
22 (5.12)
4, ”(M b

Evidently instability is only possible for some value of 4; when the right-hand side
of (5.12) is positive. The parameter range for which this occurs appears to be limited
to small values of both L and A. Indeed the largest value of A, for which the positivity
requirement can be met for some value of L, corresponds to the limiting case L = 0.
In this limit, we have '

Ay AL (2a2—3)(3(a?+2)—3%ap)

e e 5.13
Ky P 1204 (5.13)
which vanishes when a2 = 3. It follows that the exchange of stabilities occurs for
some value of 4, only when A <342, (5.14)

If, on the other hand, instability sets in as overstability, the p is purely imaginary,
P =10, (5.15a)

and the real and imaginary parts of (5.11) yield
1 ___k ( A, __A ) (5.15b)
4, Pptp \Tp_+1 Tiy+1

AP (T + 1) = A g (Tpy +1) (5.15¢)
A_(tp_+1)=A(tp, +1)

w? =

The region in parameter space in which overstability is possible for some value of 4,
is determined by the requirement that the right-hand sides of (5.15b,c) are both
positive. It is illustrated in figure 1, where the stability boundary, which corresponds
to 1/A4, = 0, was computed numerically. It is perhaps of some interest to note that
the value of L for the critical mode on this boundary increases from zero at

A= 1-03098, 1/7=0 (5.16a)
to infinity at A=2/34 1/7=0. (5.16b)

When 7 > 1 and L is fixed not close to unity, it is clear from (5.15b) that instability
first sets in when A4, is of order 7. By contrast, when |L — 1| <€ 1, (5.15) with the help
of (5.9) indicates that

A, =1/k,, o= (u/k,. 1)t (5.17)

Consequently when A lies in the interval (1.5), k., is positive and the order one value
of 4, given by (5.17) yields the critical value of the amplitude appropriate to the
onset of instability in agreement with (4.15) and (4.16) of § 4.

Inspection of figure 1 indicates that overstability can only occur for small values
of 1/7. Furthermore, since the parameter ranges in which the exchange of stabilities
and overstability are possible are mutually distinct, there is never competition for the
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0-04

0 Vi V2

a

Figure 1. The curves I and II define the stability boundaries for overstability and exchange
of stability in the a, 7-! plane. Here @ = (2~ 3#1)} rather than A is chosen as a co-ordinate to
stretch out the region in which overstability is possible.

preferred mode. One other interesting comparison between the two modes of insta-
bility is worth noting. It is that the steady modes (5.12) are characterized by

A A (5.18q)

Ho My
whereas the overstable modes (5.15) are characterized by

0< A < As . (5.18b)

T, +1  Tu_+1
This means that the ¢_ perturbations are responsible for driving the steady modes,
in contrast with the overstable modes which are driven by the ¥, perturbations. Once
instability sets in new finite-amplitude states are possible. Those oscillatory states
characterized by 7 > 1 and L = 1 were analysed in § 4. On the other hand, the steady
states characterized by small values of A and L are discussed in the following section.

6. Steady shear flow

When A < 3-/2 and when 4, exceeds its critical value 4,, (say) defined by (5.12),
a new steady-state equilibrium solution of (5.6) and (5.8) is possible in which ¥ and
V take the values

19+c = /L;lvo Q1 19—0 = —,ujlv(’f Q1e5 (6'1a’b)
1 1
|vg]? = Vo = (d_2Alc)/(/‘L‘++;:). {6.1c)
To test stability we set
Dy =9, +91eP, a, = a,+a4,6°, v=1v,+DePt (6.2a,b,c)

together with similar expressions for 9%, af, v*, where, for example,
a¥ = aX +a¥ert. (6.2d)
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In other words, the complex conjugate of the function is taken without taking the
complex conjugate of p. The expressions (6.2) are substituted into (5.6) and (5.8)
which are then linearized with respect to the constants marked with a tilde. Accordingly
(5.6a,b) yield V

3, = 08+, )/ (p+p,), O = — (0} @ +ay,7%)/(0+p), (6.3)

which together with (5.6¢) and (5.8) lead to a pair of equations relating a,, af, v and v*.
Two types of mode are possible, which can be distinguished by the values of

V= vt o+v,5% 4, =atd,+a,d}, (6.4a,b)

b= — yiprd(oF 5—v,0%), o = —Lipriad, —ay,@¥), (6.4¢,d)

where &, is a new variable but & was defined earlier by (4.2b). One mode is charac-
terized by V= 4, = 0. It corresponds to the situation in which the amplitude of the

basic state remains unchanged but the phase of the complex constants defining it
vary with time. In this case (5.6¢), (5.8), (6.4¢, d) yield

1 A A WA, AL AL AN~
“lrp+1— Ac( + __—_)}ﬁz_O{_j____q __}g, 6.5a)
p{p Ao ptp, pHp. P ptp, py Ptp_ po O
=_AAM{ t 11 +_1-}E,
p \p+u pp PHE o
(6.5b)

R

1 1 1
—ip—Ad—-24, +AV( + )}
p{p ( o)+ 4% Pp, P+u_

which after elimination of & and &7 leads to a dispersion relation for p. Upon substitution
of the identities (5.12) and (6.1) it reduces further to the quadratic equation

. q A=A
$ =_AV _2 A + - 6.6
) D{T[ﬂ+(P+ﬂ+)+ﬂ—(P+ﬂ~)] # lcﬂ+ﬂ_(p+ﬂ+)(p+ﬂ-)}’ (59
A A
) S — 4 . - | 6.6b
where (p) =T1+p 10{'u+(p+,u+) ,u_(p+,u_)} o4

At lowest order the two values of p satisfy
pZ(p) =0 (6.7)

which is simply (5.11) with 4, given by (5.12). By definition of the critical state the
two non-zero rootsof (6.7) must have negative real parts and so stability is guaranteed.
The other class of solutions are characterized by % = .o = 0 and correspond to
amplitude fluctuations with no phase change. As above a pair of coupled equations
similar to (6.5) can be obtained which yield the quartic equation
1 1 1
+—+ +—
Py Py PHU S
for p. Two of the roots are of order unity and are again given to leading order in A

by Z(p) = 0. They correspond to a pair of decaying modes. The remaining two roots
are small and can be expressed in the form

p = +iAlo® + Ap® + O(AD), (6.9a)

p{p—20(d - 44,,)} Z(p) = — Aly(1p + 2) (6.8)
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4V 1 1
where W2 = ——°——(—+—-), 6.9b
LO)\py  p (6.96)
p® = —44,(1-V/V) (6.9¢)

and ¥, is a complicated function independent of V. Since the product of the non-
zero roots of (6.7) is positive, it follows that £ (0) > 0. In addition u. are also positive
and so the frequency «w® is real. Evidently if ¥, < 0, the equilibrium is stable for all
order one values of ¥, but if ¥, > 0 the equilibrium becomes unstable once ¥, exceeds
the critical value V..

Though the steady finite-amplitude state analysed in this section is quite distinct
from the oscillatory motion investigated in § 4 there is one important similarity. It is
that, once the shear flow develops, the amplitude of the positive roll remains constant
as the Rayleigh number is increased. Specifically in the steady case when a, takes its
critical value, the growth rates for the three normal modes of (5.6) are given by the
roots of (6.7). Two of the modes decay, while the third is neutrally stable. With the
addition of the amplitude equation (5.8), a, is no longer held constant and the results
are modified. In fact the preceding analysis has shown that the two decaying modes
predicted by (5.6) split into four decaying modes, while the neutral mode executes
slow oscillations on a time scale of order A-%. These oscillations may either grow or
decay on a yet longer time scale of order A—! depending on the values taken by 1, and
V. (see (6.9)).

7. Discussion

The instability of the single-roll solutions is at first sight surprising, since it con-
tradicts the following intuitive notion. The idea is that, as a result of single-roll
convection, magnetic field perturbations are produced linking planes x = constant, on
which the geostrophic flow takes a constant value, one with another. Consequently
one anticipates that the geostrophic flow would have an Alfvén wave character similar
to the torsional oscillations described in the introduction. Furthermore once dissi-
pative processes are accounted for this motion would eventually decay. The reason
for the failure of this simple picture is that we have been considering in this paper
very small convective velocities which do not lead to transverse magnetic fields of
sufficient size to make this mechanism operative. Instead a more subtle forcing of
the geostrophic flow is achieved which is most readily traced through the terms on
the right-hand side of (5.11). The processes which lead to the force are as follows. The
introduction of the shear proportional to E,; , (see (5.2)) leads to convection of the
heat perturbations originally generated by the convective rolls. The new perturba-
tions force two secondary rolls whose planforms are E,;,, , and E_,; , ; and whose
structures are determined from (5.4). It is the contribution to the Lorentz force, result-
ing from the magnetic field perturbations associated with one of the two secondary
rolls when they are superimposed upon the initial £, , field perturbations due to the
original rolls that forces the geostrophic motion and so leads to instability. The
E_,1,1,, roll is responsible for the exchange of stabilities, while the £, ., , roll is
responsible for over-stability (L > 0).

Production of geostrophic flow by this instability is evidently of some importance,
since it provides a basic mechanism capable of limiting the growth of convective
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motions. In particular, when the Rayleigh number is increased beyond the value
appropriate to the geostrophic shear flow instability, the amplitude of the convection
remains roughly constant, while the shear velocity continues to increase. Though the
range of validity of these results is severely limited by the small parameter expansion
scheme adopted, the qualitative picture may well hold true for quite moderate
increments of the Rayleigh number. That being so the flow is dominated by geostrophic
motions which depend for their existence on relatively slow convective velocities. How
these results are modified in more realistic geometries or by the addition of mean
meridional magnetic fields (i.e. with components in the z, z plane) is of considerable
interest but outside the scope of the present analysis.
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Appendix A
Substitution of (3.6) into (3.4a) and (3.5g) yields

Nomn = M)+ M) n+ Mo, mo (A la)
where

*/Vl-,(%,)‘n = % . _3; . Sgn (nl + nz) { + (ll My — M,y l2) “ﬂlﬁl,,m,,nl 01,,m9,ng
Mt my=1m
Iny L n|=n

+ [l me F 0y 1) 0 4+ my (my g F 1y M) 5% ¢ll,m1,n1 01,,m2,n2}’ (A 1b)
‘/Vl-,m,n = tmﬂ 2 [Jll 0lg,m,n’ (A 16)

btl=1

while substitution of (3.6) into (3.45) and (2.55) yields

Mi=§ 5 Oty Fuman =W 300
T+ 1y =0 +nfl o —mymy B2 @y s n Sy e} (A 2)
At lowest order (3.9a,5) and (A 1) yield
N® = {24, + A_))+ (a*a,a* By .+ fPaa_1 E, o+ c.c.)}sin 2z
~8{v(a, E; +a* B, ,—a¥E, ;—a_E; ,)+c.c}sinz, (A3)
while (3.9¢) and (A 2) yield
M = ¥ Au/af)a,a_y B, o+ c.c.+ constant, (A 4)
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where v, 44, and u are given by (3.11), (3.13d, &) respectively and c.c. denotes the
complex conjugate of the expression preceding it. From (3.7) and (A 3) it follows that
the order A terms forced by the nonlinearity have the form

0@ = {62, 3+ (0F, o By, 3+ 0% 2 By o+ c.c.)} sin 22
+{(0,,1 Eg, 1+ OB B+ 0 By + 0P , 1E;_;)+c.c}sinz. (AS5)

Here the perturbation 6%, , sin 2z(= 6® of the mean vertical temperature distribution
leads to a buoyancy force, which is balanced by the vertical pressure gradient (see
(3.5¢)). There is no induced motion and so (3.5) simply yields

@02 =—3(41+A4_), ¢§b2= VU 2=0. (A 6)

The remaining terms, which are calculated directly from (3.7) and (A 3), are

@ 3 @ 0
0,2,2

6@ 3(4+ 4% 0 20,2 3
@)

4 +1]3

Y@ = S92 3 (3 4 8a2) | vay,, (A 7c)

0 I3,41,1 * §(3+4a?)
where VE= a?/(16+ 112+ 4%, 73 = f/(3— 7). (A7d)
According to (3.7a) no first harmonics E, ., are forced at this order provided

0P, 1,1+ AIND,, | = O(A). (A 8)

Together with (A 3) this implies that

Gy = +AbvaX, +0(A), (A 9a)
while (3.7f) and (A 4) imply that

ev = Abua,a_,+0(A). (A 9b)

Equations (A 9a,b) constitute a conservative system, which possesses oscillatory
solutions. Since they are neither forced nor damped, any secular changes originate
from the order A terms which have been neglected so far. At this order the only
contributions to N® of interest are

Ny = oYl 1,100 0+ Y 2 08 1,0 — ¥, 1,168, 0 — ¥, 0 0%, 1,1}
— 204 1 6%, 2 — a2 1 1 06, 2 — BP9 1,1 05 2 +iFULL 08, (A 10)

and N{®_, ;, which is given by a similar expression. Likewise the only contribution
to M® of interest is

MP =M +MP, (A 11a)
where according to (A 2) and (A 7)

3) _ 2 1 2 1 2 1 2 1) %
M( ) = (1—2a2) (ff ;1 19 §)§1,1+ga(,il,1. 1()i*1 1) F 2a8( f( Zl:l 1 1( )i*1 1 g:(; ):tl 195)&1,1)-
(A 11d)
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With the aid of (3.7b), (3.9), (A 6)and (A 7), the expressions (A 10)and (A 11)reduce to

Nﬁ))ﬂ:l,l =30V +244,+(24+Cs+C ) Axi}ayy, (A 12)
1 {Ak
M@=+ (-a—;)Ailv, (A 13)
where Cs = §B%v3+2(4+ B2 a%yi, (A 14a)
C, = 3tap{yi—2(5+252) v%} (A 14b)

and ¢ and k. are defined by (3.13g) and (3.13%) respectively. Correct to order A the
consistency condition for the equations (3.7) is

61,11+ AING, L+ ANP, = (R®/3Y) 60, ) = 0). (A 15)

It is used in conjunction with (A 12) to generalize (A 9¢) giving (3.124). Likewise
(3.7f), (A 11a), (A 13) generalize (A 9b) giving (3.12b).

Appendix B

It is assumed that S{® and S®) are given by (4.15). Consequently the first non-zero
terms appearing in (4.19) and the average of the right-hand side of (4.6¢) are

uP_ = —(Cs—C4) 8, (B 1a)

pP_V = —HCs—C) 8" 8% — ud(SP® SU2 — 4h?) /880, (B 1)
(u/€)® =k, 8P —k_SY + 3k, +k_)SY, (B 1¢)

(p/€)OV = (k, SP —k_SH) S + (k. +k_) (38 SU? — 44%)/88(, (B 1d)
o, =0, (B 1e)

where terms of order ¢ have been ignored. With the aid of these results it can be shown
that

SUD, +D_+610)—2(e1D_8_,—D_V+e10V) = — K(S® SO — 442) /450,
(B 2)
where K is defined by (4.205). In view of (4.19), the coefficient of % in (4.6¢) can be

readily calculated from (B 2). The right-hand side of (B 2) can be expressed in terms
of E and § using the formulas (4.35,d) and (4.10), so yielding (4.20q).

Appendix C

Substitution of (5.3) and (5.4) into (3.7a) shows that the forced modes satisfy the
relations

¢® { 3
Yo =—— " |3}3+4L(1+ L)a?) |9, (C1)
[em sy EED S g ang s nyan

where 91 evolve according to (5.6, b). The coefficient M%) in (5.5), which is determined
by (A 2), is
M) = AP+ AL, (C 2a)
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where

ME) = (1- (14 L)a?) (f2(12,)+1,1,1 99)1*1 +gé21),+1,1,1f1(,11):k1)
—(1+L)0‘/”(f2(%)+1,1,1 1(,11),5;"952134—1,1,198)15?1) (C 2b)

With the aid of (3.75), (3.9) and (C 1), it reduces to

A (pA .
M, = ﬁ(‘;—;) Srat (L>0), (C 20)
where A4 is defined by (5.756). Substitution of (C 2a, ¢) into (3.7f) yields (5.6¢). Finally
the contribution to N® of interest is

Ni?)1,1 =— 2?5(11)1 1 03%,2 +iB{UR* 0F 1111+ Ug 6(—2)2L+1,1,1}' (C3)

Upon substitution into (A 15), it yields (5.8).

REFERENCES

BraciNsky, S. I. 1964 Self-excitation of a magnetic field during the motion of a highly con-
ducting fluid. Zh. Eksp. teor. Fiz. 47, 1084. (Trans. Sov. Phys., J. Exp. Theor. Phys. 20,
726-735 (1965).)

Bracinsky, S. I. 1970 Torsional magnetohydrodynamic vibrations in the Earth’s core and
variations in day length. Geomag. ¢ Aeronomiya (U.S.S.R.) 10, 3. (Trans. Geomag. Aero.
10, 1-8.)

Busse, F. H. 1975 A model of the geodynamo. Geophys. J. Roy. Astron. Soc. 42, 437-459.

Bussg, F. H. 1978a Magnetohydrodynamics of the Earth’s dynamo. Ann. Rev. Fluid Mech.
10, 435-462,

Busse, F. H. 19785 Introduction to the theory of geomagnetism. Rotating Fluids in Geophysics
(ed. P. H. Roberts & A. M. Soward), pp. 361-388. Academic.

CHANDRASEKHAR, 8. 1961 Hydrodynamic and Hydromagnetic Stability. Oxford University
Press.

Erraves, I. A. 1972 Hydromagnetic convection in a rapidly rotating fluid layer. Proc. Roy.
Soc. A 326, 229-254.

Fearn, D. R. 1979 Thermal and magnetic instabilities in a rapidly rotating fluid sphere.
Geophys. Astrophys. Fluid Dyn. 14, 103-126.

Moorg, D. W. 1978 Homogeneous fluids in rotation: A. Viscous effects. Rotating Fluids in
Geophysics (ed. P. H. Roberts & A. M. Soward), pp. 29-66. Academic.

RosEerTs, P. H. 1978 Magneto-convection in a rapidly rotating fluid. Rotating Fluids in Geo-
physics (ed. P. H. Roberts & A. M. Soward), pp. 420-436. Academic.

RoBerTs, P. H. & LopeERr, D. E. 1979 On the diffusive instability of some simple steady
magnetohydrodynamic flows. J. Fluid Mech. 90, 641-668.

RoBerTs, P. H. & Sowarp, A. M. 1972 Magnetohydrodynamics of the Earth’s core. Ann. Rev,
Fluid Mech. 4, 117-153.

RoserTs, P. H. & StEwWaRrTsON, K. 1974 On finite amplitude convection in a rotating magnetic
system. Phil. Trans. Roy. Soc. A 277, 287-315.

RoBERTS, P. H. & STEWARTSON, K. 1975 Double roll convection in a rotating magnetic system.
J. Fluid Mech. 68, 447-466.

Sowarp, A. M. 1979 Thermal and magnetically driven convection in a rapidly rotating fluid
layer. J. Fluid Mech. 90, 669-684.

TayLoR, J. B. 1963 The magnetohydrodynamics of a rotating fluid and the Earth’s dynamo
problem. Proc. Roy. Soc. A 274, 274-283.



